Chapter 12. Geometric Modeling

V In engineering practicepmputeraided design (CADhas been utilized in
different ways by different people.

V Some utilize it to produce drawings and document designs, others may
employ it as a visual tool by generating shaded images and animated displ

V Athird group may perform engineering analysis, for example, stress analys
Interface checking to detect collision between components in an assembly,
kKinematics analysis.

V A fourth group may use it to perform manufacturing process planning and

V Computer aided design starts with the description of the geometry of the
machine or machine parts in a complete and unambiguous manner by way
set of computestored information that can be further utilized for analysis an
design. This is calle@eometric Modeling
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Analytic Curves and Synthetic Curves

V Analytic curvesare defined as those that can be described by analytic
equations such as lines, circles, and conics.

P=[xyz" =[xf(x)gx] (@)

V Synthetic curveare the ones that are described by a set of data points
(control points) such as splines and Bezier curves.

P=(1- uP,+uP, O¢uc¢l (2)

V Synthetic curves uggrametric equatiorte synthesize the curve from
Input geometric information, which are more suitable for curve design.
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Synthetic Curves
V Generally, synthetic curves require dndlered parametric form:

3
Pu)l=a Ccu',0¢uc1 (3)

i=0
V Expand Eqg.(3):
X(U) - COx + Clxu + C2xu2 Ay (:3xu3
y(u)=Cy, +Cu+C i +Cy u°  (4)

— 2 3
Z(U) - COz + Clzu X CZzu + CSzu

V In vector form:
P(u)=C,+Cu+Cu*+C.u® (5)

V Hermite curvesBezier curvesandB-spline curves

TEXE
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Hermite Curves (l)

V The Hermite form of a cubic spline is determined by defining positions of
the two end pointB,, P,, and tangent vectors at the two end poM{sV ;.

P, =P0)  V,=Pi(0) Y
P, =P® V,=PiQ)
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Hermite Curves (ll)

V First derivative of Eq.(5):
P(u)=C,+Cu+Cu*+C.u® (5)
Pilu)=C,+2C,u+3C,u*> (6)

V At u=0 andu=1:

P =Co

Vo =G,
P,=C,+C,+C,+C; (V)
V,=C,+2C, +3C,

P(u)= (1— 3u® + 2u3)P0 + (f:’u2 - 2u3)P1+ (u - 207 +u3)\/0 + (— u’ +u3)\/1, O¢tucl (8)

V The polynomial coefficient dParen bl endi ng f uncti on
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Example 1. Construct a Hermite Curve (l)

V P=(-2, 2),P,=(3,-1), V;=(8,10),V,=(15,10), andu=0.1

P(u)= (1- 3u® + 2u3)PO + (3u2 - 2u3)P1+ (u - 207 +u3)\/0 + (— u’ +u3)\/1, O¢tucl (8)

u 0 0.1 0.2 0.3 0.4 0.5

P (-2,2) (-1.32.6) | (-0.94,2.6)| (0.69,2.2)| (-0.53,1.4) | (-0.38,0.5)
0.6 0.7 0.8 0.9 1

P | (-0.15;0.42)| (0.22;1.2)| (0.82;1.6)| (1.7;1.6) | (3-1)
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Example 1. Construct a Hermite Curve (ll)

TEXR
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Hermite Curves: Discussion

V Tangent vectors are not intuitive to users.

P1
V No local control abilit ~
Yy ~
Vi
Po
7
P.*
\ Vl*
\OPl
~a V1
(a) Change of end slopes (b) Change of data points
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Bezier Curve (l)

V The Bezier curve was developed by the French engineer Pierre Bezier (at a
1962) for use in the design of Renault automobile bodies.

V A Bezier curve is defined by a setaufntrol points

Py P4

Po Ps

V Bezier curve in parametric form: P(u) =aP B,,n(u),O ¢ucl (9
i=0

V P, is the control point anB,  (u), Bernstein Polynomials the blending function
of this curve.

Copyright 2010. All rights reserved. 9



Bezier Curve (ll)

B|,n(u) = C(n, i )ui (1- u)n'i (10) C(n, i) = ”(%_ll)l

V Forn=1 (2 control points), the form is the same as Eq.(2)
Plu)=PRL- u)+Pu (12)

(11)

V Forn=2 (3 control points):
P(u)=P,(1- u)® +P,2u(l- u) + Pu? (13)
V Forn=3 (4 control points):
P(u)=P,(1- u)® +P3u(l- u)> +P,3u’(1- u)+Pu®  (14)

V Bezier curve is an approximation curve. Only the first and the last contro
points lie on the curve. The curve is always tangent to the first and last
polygon segments. The curve shape tends to follow the polygon shape,
and will not go outside the control polygon.
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Example 2. Construct a Bezier Curve (I)

V Consider a Zlimensional curve;:

P,=(1, 3),P,=(3, 5),P,=(5, 4),P,=(7, 1) andDu=0.1.

P(u)=P,(1- u)®+P3u(l- u)> +P,3u*(1- u)+Pu® (14)
u 0 0.1 0.2 0.3 0.4 0.5
P| (1,3) | (1.6,3.5)](2.2,3.9) (2.8,4.0)| (3.4,4.0)| (4.0,3.9)
u 0.6 0.7 0.8 1.9 1
P | (4.6,3.6) | (5.2,3.1)| (5.2,2.6)| (6.4,1.8)| (7.0,1.0)

TEXE
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Example 2. Construct a Bezier Curve (ll)
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Bezier Curves: Discussion

V Defining a Bezier curve is more intuitive than Hermite curve.

V To modify the Bezier curve, the user can move the control points or put one
more control points at the same control point to modify the curve shape.

P
A 7 /? k:3 P2
=2

Ps

(a) Changing a vertex (b) Specifying multiple coincident points at a vertex

V Bezier curve does not have local control ability.

V The degree of the Bezierncurve depends on the number of control @nits
4 control points are needed for a cubic Bezier Curve. High order curves may
result if there are many control points.

TEXE
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B-spline Curve
Pu)=& PB,(u)ocucl (9
i=0
V' In the blending function N(u) of B-spline curvefhe order of the curvieis

independent with the number of control points

V Whenk=n, Bezier curve and Bpline curve are all the same. In faBzier curves
can be regarded as a special case-splie curves

V Similar to Bezier curves, the-&line curve passes through the first and last control
point, and tangent to the control polygon.

V B-spline curves have the local control ability.
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